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ABSTRACT
In the paper, we consider the GKM algebras associated with the Generalized Generalized Cartan matrices (GGCM)
which are extensions of some irreducible highest weight modules V(A) with highest weight A over the GKM algebra
g = g(3,3) with A(hy) = 0,A(h;) = 3. For this family, we compute the root multiplicities of all roots using Witt
partition function.
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I. INTRODUCTION

In recent years the area of infinite-dimensional Lie algebras has attracted considerable attention because of its
numerous connections with other topics in mathematics and, not least, its importance in theoretical physics.
Borcherds introduced the concept of generalized Kac-Moody algebras (GKM algebras) in [2]. GKM algebras differ
from Kac-Moody algebras in that they may possess simple imaginary roots. Determining the multiplicities for
imaginary roots is still a crucial problem. In [5], Kim and Shin computed the recursion dimension formula for all
graded Lie algebras. A closed form root multiplicity formula, for all the roots of GKM algebras has been derived in
[6] and [7]. Root multiplicities for the indefinite kac-Moody algebras H Df’), H Gz(l) and H D,(ll) were determined in
[3] and [4]. The classification of purely imaginary, Strictly imaginary and special imaginary roots were delimited in
[8], 191, [107, [11], [12]. Later, in [13] and [14], determined the root structure for the family EB,.

In this paper, by connecting the above results, we determine the root multiplicity of GKM algebras associated with
the Generalized Generalized Cartan matrices(GGCM) which are extensions of some irreducible highest weight
modules V(1) with highest weight A over the GKM algebra g = g(3,3) with A(hy) = 0,A(h,) = 3.

II. PRELIMINARIES

The definitions and notations are as in [2], [5], [15] and [16].
Let I = {1,2,a/] be a finite or countably infinite index set and A = (a;;); ;) € I be a real matrix satisfying the
following conditions:

1. either a;; = 2 or a;; < OVi € [;

2. aij <0ifi 7:] and aij (S Zlfal] = 2,

3. aij =0 1mplles al-j =0.

A is called a generalized generalized Cartan matrix and the Lie algebra g(A4) associated with A is called the
generalized Kac-Moody algebra. We assume that a GGCM A is symmetrizable if 3 a diagonal matrix D =
diag(s;|i € I) with s; > 0(i € I) such that DA is symmetric.

Let I = {i € I|a; = 2}, '™ = {i € I|a; < 0}, and let m = (m; € Z-,|i € I) be a collectioon of positive integers
such that m; = 1 forall i € ["®.

The GKM algebra g = g(A, m) associated with a symmetrizable GGCM A = (a;;); je; of charge m = (m;|i € 1) is
the Lie algebra generated by the elements h;, d; (i € I), ey, fic (i € I, k = 1---,m;) with the defining relations:

[hi, hj] = [d;, dj] = [h;, dj] =0, [hirejl] = a;;eéj, [hi’fjl] = —aijfjb

[d;, ejl] = 6ijejlr [di,sz] = _6ijfjlv [eik,sz] = 5ij6klhi’
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(adey ) ~%i(ey) = (adfy) " (fj) = 0ifa; = 2,i #j,
lei. el = [fik, fjy = 0ifa;; =0 where, (i,j € Lk=1,--,m;l =1,---,m)).

i€l
deccomposition,
g(4) =D g,, where g, = {x € g|[h,x] = a(h)x, forall h € H}
a€eqQ

Let Q =@ Za;,Q* =Y, Zsoa;, and Q™ = —Q*. The GKM algebra g = g(4,m) has the root space
ier

An element a, ¢ # 0 in Q is called a root if g, # 0. The number multa =dimg, is called the multiplicity of the
root . Note that multa; = mult(—a;) = m; foralli € I.

Let Pt = {1 € h*|A(h;) =0 for all i € I, A(h;) € Z,0 if a; = 2}, and let V(1) be the irreducible highest weight
module over g with highest weight 4.

Let J be a finite subset of I™® and we denote by A; = AN (X j¢; Zay), A}—L = A, NA* and A*()) = AJ—r\A]i. We also
denote by Q; = @ N (Tjey Za), Qf = @, N Q* and Q*()) = Q*\Qf". Define g,)) =h @ ( B ga) and giJ) =
J
@ , 9a- Thus we have the triangular decomposition: g = g9 @ gé] )@ gfr] ), where gé’ ) is the Kac-Moody algebra
a€AT
J
associated with the generalized Cartan matrix A; = (aij)i_jejandgg)(resp.gg) is a direct sum of irreducible

heighest weight (resp. lowest weight) modules over g(()] ),

Let W, = (r;|j € ]) be the subgroup of W generated by the simple reflections 7;(j € J) and let W(J) = {w €

WI|wA™ nA* c A*(J)}. Then W, is the Weyl group of the Kac-Moody algebra géj ) and W (J]) be the set of right
coset representatives of W, in W.

Proposition: H,({] ) = 6(9) Vi(w(p — s(F)) — p) where V;(u) denotes the irreducible highest weight module
weWw(J
FcT
L(w)+|F|=k

over g(()] ) with heighest weight y and F runs over all the finite subsets of T such that any two elements in F are
mutually perpendicular. Here we denote by |F|, the number of elements in F and s(F), the sum of elements in F.
Define the homology space HU) of gU to be

HO = T2, COMHD = 3 ()Y wip = s(F) - p).
FcT
I(w)+|F|21

Let P(HD) = {a € Q" ())|dimHY # 0} = {11, 75, T3, T4, -+ }

and d(i) = dinH fori — 1,2, For t € Q~(J)).

we denote by TU)(7) the set of all partitions of T into a sum of 7;,s, (i.e).,
TO() = {n = () 21| € Znp, X my7; = T,

For n € TY) (1), we will use the notaion |n| = Y. n;andn! = [[ n;!. Now, for T € Q~(J), we define a function
-1)! N
WD(T) = Xperiin (lnll! LT d (i)™ (1)
The function WY (1) is called the Witt partition function.

Theorem 1: Let & € A7 (J) be a root of a symmetrizable GKM algebra g. Then we have
1

dimge = Taja (WD)
1 (In|-1)! .
= Zate 71 Tperin@ 11 A"
where u is the classical Mobius function.
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III. ROOT MULTIPLICITY OF SOME GKM ALGEBRA g = g(3,3)

In this section, we explicitly determine the root multiplicities of GKM algebra associated with the GGCM which is
an extension of some irreducible highest weight modules V(1) with highest weight 4 over the GKM algebra g =
g(3,3) with A(hy) = 0,A(hy) = 3.

3.1 Consider the GKM algebra g = g(4, m) associated with the Generalized Generalized Cartan Matrix (GGCM)
-k 0 -3
0 2 -3
-3 -3 2

of charge m = (s,1,1) where k, s € Z, . This matrix is an extension of HA;.

Let I = {1,2,3} be the index set for the simple roots of g. Then, a; is the imaginary simple root with multiplicity
r = 1 and a,, a3 are the real simple roots.

Then we have

T = {ay, a1, -, a;} counted s times.

Since (a1, a;) = —k < 0, F can be either empty or {a; }.
If we take J = {2,3}, then

95" = 90 ® Chy,

where go = (€3, f2, hy, €3, f3, h3) and W(J) = {1}

By proposition, we have
HY = V)(~ay) ® - @ V)(—ay) (s copies)
HD = 0

)=

HY =0 fork > 2.

Therefore we get
HD = V)(~a;) @ - @ Vy(—ay) (s copies),
where V;(—a,) is the standard representation of A,.
By identifying —lya; — Lya, — lzas € Q™ with (14,15, 13) € Zyo X Zsy X Zsg, We have
P(HD) = {11,75,73, T4, }
where 7, = (1,0,0), 7, = (1,1,1), 73 = (1,0,1), 7, = (1,1,3), 75 = (1,1,2), 74 = (1,1,4), 77 = (1,2,1), -~

For the sake of completeness, we write down the Table 6.3 in [5].

m\n |0 1 2 3 4 5 6 7
0 0 0 0 0
1 1 0 0 0
3 4 4 3 2
6 10 14 16 16

10 20 34 49 62
13 33 67 115|173
14 46 112 227 397

PSS
===l [=lI==] =
SIS =—=[—=[—=[—
SRIVS ) P (VSR ISR =Y [

Using the above table, we can compute dim(V;(—0))-;-

Every root of g is of the form (1;,1,,13) forl; = 1 and 1,,15 = 0. Here
d(i) = dim(HD),, = rdimV;(—a;),.

Thus, the Witt partition function (1) becomes
WO (1) = Bpertn ey T dimVy(—ay)s,.

Therefore, by the Theorem (1), we obtain the following proposition:
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-k 0 -3
Proposition : Let g = g(A, m) be the GKM algebra associated with the GGCM 0_3 33 ;3 of charge m =
(s,1,1) with k, s € Z.
Thus, for the root o« = —lya; — l,a, — 1303 with 13, 1,,13 € Z5, we have
: 1 -1 .
dimg, = % “1(d) Zneror %dlmv](—al)q. ©)
< !
Example 3.1: Consider the root a« = (2,4,6).
In the following table we gve the weights of H and their multiplicities for A(hy) = 0,A(h;) = 3:
Weight Multiplicity | Weight Multiplicity [Weight Multiplicity | Weight Multiplicity
(1,0,0) 1 (1,5,2) 2 (1,3,4) 18 (1,2,6) 6
(1,0,1) 1 (1,0,3) 1 (1,4,4) 29 (1,3,6) 28
(1,1,1) 1 1,1,3) 3 1,5,4) 38 (1,4,6) 77
(1,2,1) 1 1,2,3) 6 (1,6,4) 42 (1,5,6) 162
(1,3,1) 1 (1,3,3) 10 (1,1,5) 1 (1,6,6) 275
(1,0,2) 1 (1,4,3) 12 (1,2,5) 8 (1,2,7) 3
(1,1,2) 2 (1,5,3) 12 (1,3,5) 25 1,3,7) 25
(1,2,2) 3 (1,6,3) 10 (1,4,5) 53 1,4,7) 92
(1,3,2) 4 (1,1,4) 2 (1,5,5) 89 (1,5,7) 242
(1,4,2) 3 1,2,4) 8 (1,6,5) 123 1,6,7) 499

T1(2,4,6) corresponds to the partition of (2,4,6) into two parts. Therefore, the partitions of the root (2,4,6) into
weights of H®) are given in the following table:

(1,0,0) (1,4,6)
(1,0,1) (1,4,5)
(1,0,2) (1,44)
(1,0,3) (1,4,3)
(1,1,1) (1,3,5)
(1,1,2) (1,3.4)
(1,1,3) (1,3,3)
(1,1, (1,3,2)
(1,1,5) (1,3,1)
(1,2,1) (1,2,5)
(1,2,2) (1,2,4)
(1,2,3) (1,2,3)

Therefore, by the formula (2), for the root (2,4,6), we have
dimg, 46) = 331r? — 6r

Example 3.2: Consider the root a = (2,2,3).
Similarly, T?(2,2,3) corresponds to the partition of (2,2,3) into two parts. Therefore, the partitions of the root
(2,2,3) into weights of HO are given in the following table:

(1,0,0) (1,2,3)
(1,0,1) (1,2,2)
(1,0,2) (1,2,1)
(1,1,1) (1,1,2)
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Therefore, by the formula (2), for the root (2,2,3), we have
dimg(zyzyg) = 121‘2

Example 3.3: Consider the root « = (3,3,3).
Similarly, T9(3,3,3) corresponds to the partition of (3,3,3) into three parts. Therefore, the partitions of the root
(3,3,3) into weights of HD are given in the following table:

(1,0,0) (1,0,0) (1,3,3)
(1,0,0) (1,0,1) (1,3,2)
(1,0,1) (1,0,1) (1,3,1)
(1,0,1) (1,1,1) (1,2,1)
(1,1,1) (1,1,1) (1,1,1)
(1,0,0) (1,1,2) (1,2,1)
(1,0,0) (1,0,2) (1,3,1)
(1,0,0) (1,1,1) (1,2,2)

Therefore, by the formula (2), for the root (3,3,3), we have

. 9713 -
dlmg(3,3,3) = r3 -
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